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Abst rac t - -A  criterion for a Samulson map to be injective and a criterion for such a map to be a 
global diffeomorphism are established. The criteria are used to clarify some examples of nonpolyno- 
mial Samuelson maps with nonzero constant Jacobian determinant that arise from ploynomial and 
other differentiable mappings of real n-space with nowhere vanishing Jacobian determinant. 
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The Jacobian conjecture [1-3] asserts that for a field of characteristic zero k, a polynomial map 
F : k n ~ k n has a polynomial inverse if its Jacobian determinant, J (F) ,  is a nonzero element 
of k. This conjecture is still unsettled for any n > 1, even for k = Q, k = JR, or k = C. 
The following facts are known for the real case. If a polynomial map F of R n to itself' is 
injective, then it is surjective [4]. If, in addition, its Jacobian determinant, J (F) ,  vanishes 
nowhere, it is a global Nash (real analytic and semialgebraic) diffeomorphism of R n onto IR ~. If 
it has a polynomial inverse, J (F)  is a nonzero constant. Thus the resolution of the Real Jacobian 
Conjecture (RJC) hinges on the answers to the following two questions: 
* If F : R n --* R n is polynomial, with J (F)  a nonzero constant, is F injective? 
• If so, is F -1 : IR" --* N '~ a polynomial map? 
According to [1, Theorem 2.1] the answer to the second question is "yes." However, it has been 
noted that  there is a gap in the proof [2, p. 59; 3, p. 44; 5, p. 42]. It appears that the question is 
still open. 
This brief note presents some (old and new) examples of maps that almost, but not quite, 
provide negative answers to the above questions. A theorem is proved that  explains the character 
of the examples to a certain extent. 
EXAMPLE 1. (See [6].) The real analytic map from N 2 to itself given by 
F(x,y)  = (vf2e z/2 cos(ye-X), v~e x/2 sin(ye-X)) 
has Jacobian determinant J (F)  = 1. It is not injective (e.g., the image of {x = 0} is a circle). It is 
mentioned in [7], but deserves even wider recognition, since it is one of the simplest examples of a 
differentiable mapping from all of I( 2 to itself that has a nonzero constant Jacobian determinant, 
but is not injective. 
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The remaining examples all use the following construction. If F : R n --, R n is a differentiable 
map, extend it to a map F of R n+l = R n x R to itself by defining ~'(x, z) = (F(x),  a(x)z + b(x)). 
Here a and b are differentiable functions ofx. Clearly, J (F ) (x ,  z) = a(x) J (F ) (x) .  If it is the case 
that J ( F ) (x )  ~t 0 for x E R n, defining a by a(x) = 1 / ( J (F ) (x ) )  yields g(_~) = 1. 
Regardless of how a is chosen, if a(x) 7t 0 for x E R n, then _~ is injective (bijective) if F is 
injective (respectively, bijective). The converse holds if b(x) depends only on the components 
of F. 
EXAMPLE 2. In [8], Pinchuk showed that there are polynomial maps from R 2 to R 2 with nowhere 
vanishing Jacobian determinant that there are not injective. A low degree xample of such a map, 
based on [9], can be found in [10]. It is of the form F(x,  y) = (P(x,  y), Q(x, y)), with P of total 
degree 10 and Q of total degree 25. Specifically, P( x, y) = x6y 4 - 4xSy 3 + 3xay 3 + 6xay 2 - 7x3y 2 + 
3x2y 2 - 4xay + 5x2y - 3xy + y + x ~ - x. J (F )  is a polynomial R(x,  y) of total degree 30 that is 
positive everywhere. The extended map 
_fi'(x, y, z) = P(x,  y), Q(x, y), R(x,  y) 
of R 3 to itself is rational, has Jacobian determinant 1, and is not injective. Note that OR has 
a zero at x = 1/2, y = O. Any rational (and everywhere defined) map of R n to itself which is 
-~  0(11 ..... f~ Samuelson (that is, all the leading principal minors #i = o~ o(xl ..... x~I of the Jacobian matrix 
vanish nowhere) is injective [11]. Since #2 = R(x, y) and #3 = 1, the zero of #1 = ~ is no 
surprise. 
EXAMPLE 3. In [11] a generalized Gale-Nikaid5 [12] example is represented. If h(x) is a differ- 
entiable function of a real variable with the properties 
(1) h>0,  
(2) h'(x) never vanishes, and 
(3) h(0) = 1, 
then F(x ,  y) = (h(x) - y2 + 3, 4yh(x) - y3) is a Samuelson map from R 2 to itself that is not 
injective (because F(0, 2 = F(0, -2)) .  Its two leading principal minors are #1 = h'(x) and 
#2 = ,I(F) = h'(x)(dh(x) + 5y2). Choosing h(x) = z + ~ yields h'(x) = h(x)/~/-l"-IUx --~and 
the extended map 
( z~/ l+x2 ) 
~'(x, y, z) = h(x) - y2 + 3, 4yh(x) - y3, h(x)(dh(x) + 5y u) 
which is NasA (but not rational) and Samuelson, has Jacobian determinant 1,and is not injective. 
Note that the leading principle minors are all positive, but the first two are not bounded away 
from zero. 
EXAMPLE 4. The map F(x,  y) = (x + x3y 2, y + x2y 3) is a polynomial Samuelson map [11], with 
leading principle minors #1 = 1 + 3x2y 2 and #2 = 1 + 6x2y 2 + 5xdy 4. It is injective, but its inverse 
is not rational. (This is established in [11] by showing that if F - I  = (p, q), then the graph of p, 
is only semi-algebraic, not algebraic. Specifically, if (x, y, p) denotes a point of the graph of p, 
then px 2 +pLy2 _ x 3 = 0 and points (0, 0,p) are in graph only for p = 0, but always in the Zariski 
closure of the graph.) It extends to a map 
( z ) 
.F(~ y, z) = x + xay 2, y + x2y a, 1 + 6x2y 2 + 5x4y 4 
which is rational, Samuelson, injective, with Jacobian determinant 1, but which has an inverse 
that is not rational. All the #i are bounded away from zero. 
Nil~id5 showed [131 that a continuously differentiable Samuelson map is a global diffeomor- 
phism if its leading principle minors are both (uniformly) bounded and (uniformly) bounded away 
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from zero. This  result cannot be appl ied to any of the above examples. The following improve- 
ment of NikaidS's result is pert inent  o Examples  3 and 4. It  is expressed in terms of the pivots of 
a Samuelson map,  defined as the successive rat ios lrl = #1, zr2 = #2/#1, . . . ,  lrn = #n/Pn-1  [14]. 
By the definit ion of a Samuelson map, the pivots are defined everywhere and vanish nowhere. 
In Example  3, Irl = i f (x) ,  lr 2 = 4h(x) ÷ 5y 2, and Ir3 -- 1; for h(x) = x ÷ ~/1 ÷ x 2 both 7rl 
and ~r2 tend to 0 as x tends to -oo  with y = 0. In Example  4, ~rl = 1 ÷ 3x2y 2, 7r2 -- 1 + 
(3x2y 2 % 5x4y 4) / (1% 3x2y2),  and ~r3 -- 1, all of which are everywhere > 1. 
THEOREM. Let  F : R n --~ R n be a continuously dif[erentiable Samue/son map. I fTh , . . .  ,Trn-t 
are uniformly bounded away from zero, then F is injective. I f  rn is also, then F is a global 
diffeomorphism of R ~ onto R ~. 
PROOF. Maps will be continuously differentiable. Use induct ion to establ ish that  F = Uk o 
Vk o . . .  o V1 for k = 0, 1 . . . .  , n, where Uk fixes the first k coordinates,  and for i < n each Vi is 
a global  di f feomorphism that  fixes all the coordinates,  except possibly xi. To start ,  U0 = F .  
In general  Uk-1 = (X l , . . . ,Xk - l ,hk , . . . ) .  Using the chain rule and row reduct ion (see [14]), 
= 7rk o V~ x o . . .  o Vk-Jl. I f  k < n, then 3ek > 0 such that  [Trk] > ek > 0 everywhere, so Oxk 
[~-~1 > ek > 0, and Vk = (x l , . . .  xk-1,  hk, xk+l , . . ,  xn) is a global diffeomorphism. Final ly,  Un 
OXk I - -  ' ' 
fixes all the coordinates,  so it is the identity, and F = Vn o . . .  o V1. Furthermore,  V~ = Un-1 is 
injective, since 7r n vanishes nowhere, and if rn  is uniformly bounded away from zero then Vn is 
also a global diffeomorphism. | 
REMARK. The above proof is similar to the univalence proof in [11], with the bounds subst i tut ing 
for rat iona l i ty  to establ ish the key fact that  hk, for k < n, is an onto function of xk when the 
remaining coordinates are held fixed. 
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